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Abstract
We study T-duality in the Green-Schwarz formalism to all orders in superspace
coordinates. We find two analogs of Buscher rules for the supervielbein and clarify
their meaning from the superstring point of view. The transformation rules for the
dilaton, spin 1/2 fermions and Ramond-Ramond superfields are also derived.
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1 Introduction
Since its discovery, T-duality has been studied from various points of view. Together
with the other duality symmetries, it has been the source of many recent developments
in string theory. Being based on manipulations that do not change the corresponding
conformal field theory, T-duality is probably the most securely founded. First identified
in the sigma-model [1] and at the level of perturbative string spectra [2], it is believed to
be an exact symmetry of string theory. Moreover, it has been shown [3], [4] that the low
energy effective actions of type II string theories posses this symmetry.
The action of T-duality on the NS-NS sector of string theory can be constructed
rather easily in the NSR formalism. However, the proper treatment of the RR potentials
in this formalism is still unknown. Therefore, one has to find alternative approaches to
study their transformation under T-duality. One possible approach is to study the vertex
operators associated with the RR fields and from there to infer their transformations.
This has been considered in [5] and [6]. In [5] the authors have also considered the 9-
dimensional spectrum of BPS states realized as wrapped M2 branes. The analysis is
based on N = 2, D = 9 supersymmetry algebra. The results give further support for the
existence of a M-theory/IIB duality [7] that can be understood in terms of a fundamental
supermembrane.
Another approach, considered in [3], [4], consists in studying the low energy effective
actions of type II string theories, IIA/B supergravities, and constructing the explicit map
between their field content. Since the supergravity theories contain informations about
world sheet quantum corrections, it necessarily takes into account the quantum corrected
T-duality, that is the dilaton shift. This approach considers all orders in superspace
coordinates. A hybrid of the previous two approaches was considered in [8], [9]. There,
the author considers the action of T-duality on space-time spinors (gravitini, dilatini and
supersymmetry parameters) and from there infers the transformation rules for RR fields.
Yet another approach considers the Green-Schwarz superstring up to some given order
in anticommuting superspace coordinates [10]. Here the authors considered terms up
to second order in θ in the IIA superstring theory. Such terms involve the R-R field
couplings. Their transformation under T-duality has been constructed and the IIB action
up to O(θ2) has been written down. T-duality in massive type II theories has also been
analyzed. Duality to all orders in the odd superspace coordinates for the heterotic string
was considered in [11].
In this note we study T-duality in the Green-Schwarz formalism, to all orders in su-
perspace coordinates. In the following section we consider the Green-Schwarz superstring
in flat space and construct in detail the dual theory. We study both the supersymmetry
transformations as well as the Siegel symmetry and find the map between the correspond-
ing parameters in the two theories. This will prove to be a useful guide in studying the
Green-Schwarz superstring in a curved background, which we consider in the next section.
Using the Siegel symmetry and super-covariance requirements we construct the action of
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T-duality on the supervielbein components carrying flat bosonic indices. By additionally
requiring that T-duality is an involution, we obtain the Buscher rules for the full super-
vielbein up to an arbitrary function. By this time the Siegel symmetry transformations
will have the right form to imply the conventional constraints as well as the other lower
dimensional constraints of the corresponding supergravity theory. On the other hand,
these constraints can be explicitly computed using the dual fields. Requiring that they
are indeed satisfied fixes the arbitrary function mentioned above. These constraints to-
gether with the Bianchi identities imply [14] all the other supergravity constraints. By
explicitly computing them in terms of the dual fields we find the T-duality action on the
dilaton and axion and their superparteners as well as the T-duality action on the RR field
strengths. This will be done in section 4.
Our result will be that the supervielbein and super two-form the fields of the two type
II theories are related by T-duality in the following way: (the other transformations are
listed in section 4)
•1 if the duality transformation changes the chirality of the second space-time gravitino
then
E˜(+)9
a=
1
G99
E9
a ; E˜(+)Mˆ
a = EMˆ
a − GMˆ9
G99
E9
a +
BMˆ9
G99
E9
a
E˜(+)9
1α=−E9
1β
G99
(Γ−)βα ; E˜(+)92α =
E9
2β
G99
(E9
aΓaΓ−)βα
E˜(+)Mˆ
1α=(EMˆ
1β − GMˆ9
G99
E9
1β − BMˆ9
G99
E9
1β)(Γ−)βα
E˜(+)Mˆ
2α=(EMˆ
2β − GMˆ9
G99
E9
2β +
BMˆ9
G99
E9
2β)(E9
aΓaΓ−)βα
B˜(+)9Mˆ =−B˜(+)Mˆ9 = −
G9Mˆ
G99
; B˜(+)MˆNˆ = BMˆNˆ +
1
G99
[B9MˆG9Nˆ −G9MˆB9Nˆ ](1.1)
•2 if the duality transformation changes the chirality of the first space-time gravitino then
E˜(−)9
a=
1
G99
E9
a ; E˜(−)Mˆ
a = EMˆ
a − GMˆ9
G99
E9
a − BMˆ9
G99
E9
a
E˜(−)9
1α=
E9
1β
G99
(E9
aΓaΓ+)β
α ; E˜(−)9
2α = −E9
2β
G99
(Γ+)β
α
E˜(−)Mˆ
1α=(EMˆ
1β − GMˆ9
G99
E9
1β − BMˆ9
G99
E9
1β)(E9
aΓaΓ+)β
α
E˜(−)Mˆ
2α=(EMˆ
2β − GMˆ9
G99
E9
2β +
BMˆ9
G99
E9
2β)(Γ+)β
α
B˜(−)9Mˆ =−B˜(−)Mˆ9 =
G9Mˆ
G99
; B˜(−)MˆNˆ = BMˆNˆ +
1
G99
[B9MˆG9Nˆ −G9MˆB9Nˆ ](1.2)
In the above formula the indices 1α and 2α are the two possible types of spinor indices
according to whether the theory is type IIA/B, and GMN is defined as EM
aEN
bηab. These
are the Buscher rules at the level of supervielbein super-two forms are related by the
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usual rules. In all our manipulation we absorb the dilaton superfield by rescaling the
super-vielbeine. In this setup the dilaton transformation is already encoded in (1.1-1.2),
as noted also in [10]. We will rederive it in section 4 from the matching of constraints.
We will end with some comments and conclusions.
2 T-duality in flat space
Let us consider first the Green-Schwarz superstring in flat space, with the action given
by:
S = − 1
2π
∫
dτdσ
√−hΠiµΠjνhijηµν −
− 1
π
∫
dτdσǫij [∂iX
µ(θ¯1Γν∂jθ
1 − θ¯2Γν∂jθ2) + θ¯1Γν∂iθ1θ¯2Γν∂jθ2]ηµν . (2.1)
with the supervielbein pullback
Πi
µ = ∂iX
µ − θ¯1Γµ∂iθ1 − θ¯2Γµ∂iθ2 . (2.2)
We proceed in the standard way ([16], [1]), set Ai = ∂iX
9 and introduce a Lagrange
multiplier X˜ to enforce the constraint that Ai is flat. We split the action S into S9(Ai)
and Sˆ independent of Ai and add
Saux =
1
π
∫
dτdσX˜ǫij∂iAj . (2.3)
By requiring supersymmetry invariance of the modified action and keeping in mind that
δAi = ∂iδX
9 one gets the supersymmetry variation of the Lagrange multiplier X˜ . Obvi-
ously, δsusySˆ = 0. Thus, the variation of the Lagrange multiplier comes from δsusyS9 and
it reads:
δX˜ = ǫ¯1Γνθ1 − ǫ¯2Γνθ2 . (2.4)
To construct the dual action we integrate out Ai; at the classical level we use its field
equation. Since we are in flat space, there are no quantum corrections at one loop level.
The resulting action is:
S˜ = − 1
2π
∫
dτdσ
√−hΠ˜iµΠ˜jνhijηµν −
− 1
π
∫
dτdσǫij[∂iXˇ
µ(θ¯1Γν∂jθ
1 − (−)δν9 θ¯2Γν∂jθ2) +
+ (−)δν9 θ¯1Γν∂iθ1θ¯2Γν∂jθ2]ηµν (2.5)
Π˜i
ν = (η)δν9(∂iXˇ
ν − θ¯1Γν∂iθ1 − (−)δν9 θ¯2Γν∂iθ2) (2.6)
where Xˇν = (X νˆ , X˜) and we introduce η = ±1.
3
Requiring covariance for Π˜i
ν expressed in terms of the dual variables, we are led to
the following redefinitions:
η = +1 :


X˜µ = (X µˆ, X˜)
θ˜1 = θ1
θ˜2 = Γ9θ2
η = −1 :


X˜µ = (X µˆ, −X˜)
θ˜1 = Γ9θ1
θ˜2 = θ2
. (2.7)
In terms of these variables Π˜i
µ is covariant and has the same form as Πi
µ. Therefore,
the dual action has the same form as the original one. These transformations flipped the
chirality of one of the spinor variables, thus interchanging the two type II theories in flat
space.
Let us now consider the Siegel symmetry transformation of the initial action and its
dual. Following the obvious statement that the variation of a Lagrangian is a sum of
variations of fields times their equations of motion, we first write down these equations.
Hatted indices run from 0 to 8.
0 = π
δL
δX µˆ
= ∂i(
√−hhijΠj µˆ) + ǫij(∂iθ¯1Γµˆ∂jθ1 − ∂iθ¯2Γµˆ∂jθ2) ,
0 = π
δL
δAi
= ǫij∂jX˜ −
√−hhijΠj9 − ǫij(∂iθ¯1Γ9∂jθ1 − ∂iθ¯2Γ9∂jθ2) , (2.8)
0 = −2π δL
δθ¯1
= −2πΓµˆθ1
( δL
δX µˆ
)
+ 2πΓ9θ1∂i
( δL
δAi
)
− 2ǫij∂iAjΓ9θ1 −
− 8√−hP−ij(ΠiµˆΓµˆ∂jθ1 +Πi9Γ9∂jθ1) ,
0 = −2π δL
δθ¯2
= −2πΓµˆθ2
( δL
δX µˆ
)
+ 2πΓ9θ2∂i
( δL
δAi
)
− 2ǫij∂iAiΓ9θ2 −
− 8√−hP+ij(ΠiµˆΓµˆ∂jθ2 +Πi9Γ9∂jθ2) .
Using the Siegel transformations of X µˆ
δκX
µˆ = −δκθ¯IΓµˆθI (2.9)
as well as the variation of the vector field Ai
δκAi = −∂i(δκθ¯IΓ9θI) (2.10)
we get the variation of the Lagrange multiplier:
δκX˜ = ηδκX˜
9 = −δκθ¯1Γ9θ1 + δκθ¯2Γ9θ2 . (2.11)
We also have to express the variation of the spinor coordinates in terms of the dual
variables. Originally we had:
δκθ
I = Πi
µˆΓµˆκ
iI +Πi
9Γ9κ
iI . (2.12)
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Using Ai field equation one can express Πi
9 in terms of the dual variables as follows:
Πi
9 = hij
ǫjl√−h [∂lX˜ − (θ¯
1Γ9∂lθ
1 − θ¯1Γ9∂lθ1)] = ηhij ǫ
jl
√−hΠ˜l
9 . (2.13)
Using the constraints on the parameters κ1i and κ2i we can write
Πi
9Γ9κ
i1 = −ηΠ˜j9Γ9 ǫ
jl
√−hhlmκ
m1 = ηΠ˜j
9Γ9κ
j1 (2.14)
and
Πi
9Γ9κ
i2 = −ηΠ˜j9Γ9 ǫ
jl
√−hhlmκ
m2 = −ηΠ˜j9Γ9κj2 . (2.15)
Combining (2.14) and (2.15) together with (2.7), (2.9) and (2.11), one arrives at the
conclusion that the parameter of the Siegel transformation transforms under T-duality as
follows:
κi2 −→ κ˜i2 = −Γ9κi2 , κi1 −→ κ˜i1 = −Γ9κi1 (2.16)
for η = +1 and η = −1, respectively. Obviously, all its properties are the same as in the
initial theory except its chirality which was flipped. The redefinitions found above will
serve as a guide in considering type II superstring in arbitrary supergravity background.
3 Arbitrary supergravity background
We now turn to the type II theories in arbitrary supergravity background. Since the
explicit form of supervielbein and NS-NS super-two-form are not known to all orders in the
odd superspace coordinate, one has to use the superspace constraints to show that under
T-duality the type II theories are mapped into each other. The same procedure allows us
to construct the Buscher rules at the level of supervielbein. These rules, together with
those for the NS-NS super-two-form, implicitely contain the T-duality transformations
for all fields in the theory.
It is well known [10, 11] that the Green-Schwarz superstring is invariant under the
Siegel transformations if the supervielbein and the super-two-form satisfy the supergravity
constraints. At the same time however, invariance under Siegel transformations only
requires that certain linear combinations of supergravity constraints hold. Therefore,
our strategy will be the following: first we study the Siegel transformations in the dual
theory; Combining them with covariance requirements we will construct four possible
vielbein solutions of the Buscher rules for the “super-metric”; Requiring further that T-
duality is an involution we will discard two of the possible vielbein with flat bosonic index
and we will show that the vielbein with flat spinor indices can be redefined such that
the Siegel transformations have the standard form. This determines all the components
of the supervielbein up to an arbitrary function. This function will be determined by
explicitly computing the constraints required by the Siegel transformations in terms of
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the dual fields and requiring that they are satisfied. The other constraints follow from
Bianchi identities as shown in [14]. We will use them to derive the transformation of fields
that do not appear explicitly in the σ model.
Consider the type IIA action in a general supergravity background, which can be
obtained by dimensional reduction of 11-dimensional supermembrane action [15], and
assume that all fields are independent on the coordinate X9. Replacing ∂iX
9 by the
vector field Ai and constraining it to be flat we get the action:
S =
∫
d2ξ(
1
2
Φ
√−ggijEiaEjbηab + ǫij∂iZM∂jZNBNM + ǫijX˜∂iAj) , (3.1)
BMN = (−)M(N+A)ENAEMBBBA and Eia ≡ AiE9a + ∂iZMˆEMˆ a .
The dilaton superfield Φ can be removed by a suitable rescaling of the supervielbein, so
we will set it equal to 1 in the following.
Defining:
G99 = E9
aE9
bηab , G9Mˆ = E9
aEMˆ
bηab , GMˆNˆ = EMˆ
aENˆ
bηab ,
(3.2)
integrating out Ai using its field equation
Ei
a = ∂iZ
Mˆ(EMˆ
a − GMˆ9
G99
E9
a)− gijǫ
jk
√−gG99 (∂kX˜ + ∂kZ
MˆBMˆ9)E9a (3.3)
and allowing for the identifications X˜9 = ηX˜ with η = ±1, we get:
-dual “supermetric”:
G˜99 =
1
G99
G˜9Mˆ = −
η
G99
B9Mˆ = G˜Mˆ9
G˜MˆNˆ = GMˆNˆ −
1
G99
[G9MˆG9Nˆ − B9MˆB9Nˆ ] (3.4)
-dual super 2-form:
B˜9Mˆ = −
η
G99
G9Mˆ = −B˜Mˆ9
B˜MˆNˆ = BMˆNˆ +
1
G99
[B9MˆG9Nˆ −G9MˆB9Nˆ ] . (3.5)
Following the same steps as in flat space and using the Siegel transformations of the
IIA theory [12] we deduce the Siegel transformation of the X˜9 coordinate:
δκX˜
9 = −ηδκZMˆBMˆ9 . (3.6)
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Let us now check whether the dualized variables obey the type IIB Siegel trans-
formation rules. First we notice that using the Siegel symmetry of type IIA theory,
δκE
a ≡ δκZMEMa = 0, one can write:
δκZ
MGMN = 0 =⇒ δκZMˆGMˆN = −δκX9G9N (3.7)
which together with 3.5 and 3.6 leads to
δκZ˜
N E˜N
aE˜Mˆ
bηab = δκX˜
9G˜9Mˆ + δκZ
Nˆ G˜NˆMˆ =
= −ηδκZNˆBNˆ9
η
G99
BMˆ9 + δκZNˆ [GNˆMˆ −
1
G99
(G9NˆG9Mˆ − B9NˆB9Mˆ)] =
= δκZ
Nˆ [GNˆMˆ −
1
G99
G9NˆG9Mˆ ] . (3.8)
The contraction with E9
a must be considered separately and we obtain
δκZ˜
N E˜N
aE˜9
bηab = −ηδκZMˆBMˆ9G˜99 + δκZMˆG˜Mˆ9 = 0 . (3.9)
Multiplying by E˜a
M , we find
δκZ˜
N E˜N
a = 0 . (3.10)
Notice that in deriving this result we did not need to know the action of T-duality at the
level of supervielbein. This is, however, not a generic feature as we will see by considering
the spinor part of Siegel transformations.
Start from the IIA theory and introduce two vielbeine, EM
Iα, I = 1, 2, subject to chi-
rality constraints EM
1α(Γ+)α
β = 0 and EM
2α(Γ−)αβ = 0. Here α denotes a 10-dimensional
spinor index, α ≡ (α˙, α) and Γ± = 12(1 ± Γ11). The Siegel symmetry transformations of
IIA theory are given by [15]:
δκE
1α = Ei
aP+
ijκj
1ρ(Γ+)ρ
β(Γa)β
α , δκE
2α = Ei
aP−ijκj2ρ(Γ−)ρβ(Γa)βα (3.11)
with the usual P±ij = 12(g
ij ± ǫij√−g ) and δκEIα ≡ δκZMEMIα. Let us also introduce for
the dual theory two types of vielbein with flat spinor indices (E˜Iα, I = 1, 2). For each of
the two vielbeine the Siegel variation is given by:
δκE˜
Iα ≡ δκX˜9E˜9Iα+δκZMˆE˜Mˆ Iα = δκZMˆ [E˜Mˆ Iα−ηBMˆ9E˜9Iα] = δκZMˆ [E˜Mˆ Iα−
G˜Mˆ9
G˜99
E˜9
Iα] ,
(3.12)
where we have used (3.6). Let us introduce the notation:
P˜Mˆ
Iα = E˜Mˆ
Iα − G˜Mˆ9
G˜99
E˜9
Iα . (3.13)
From the original theory we have:
δκZ
Mˆ = δκE
IαEIα
Mˆ . (3.14)
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Rewriting the Ai field equation (3.3) using the dual variables one gets for Ei
a :
Ei
a = ∂iZ
MˆEMˆ
a − η[ gij(P+jk − P−jk) ∂kZ˜MG˜M9 + ∂iZMˆ B˜Mˆ9]E9a (3.15)
Thus, recalling that P+
ijP−klgjk = 0 and P+ijP+klgjk = P+il one gets for the variations
in the dual theory:
δκE˜
Iα
=
{
∂iZ
Mˆ
(
EMˆ
a − ηB˜Mˆ9E9a
)
+ η∂iZ˜
MG˜M9E9
a
}
P ij+ κ
1ρ
j (Γ+)ρ
β(Γa)β
σEσ
1Mˆ P˜Mˆ
Iα +
+
{
∂iZ
Mˆ
(
EMˆ
a − ηB˜Mˆ9E9a
)
− η∂iZ˜MG˜M9E9a
}
P ij− κ
2ρ
j (Γ−)ρ
β(Γa)β
σEσ
2Mˆ P˜Mˆ
Iα(3.16)
From the above expressions, on covariance ground, we can make the following identifica-
tion:
E˜(σ,η)9
a = ση
1
G99
E9
a ,
E˜(σ,η)Mˆ
a = EMˆ
a − GMˆ9
G99
E9
a + σ|η|BMˆ9
G99
E9
a (3.17)
where σ = ±1 independently of η and the absolute value of η in the second equation is
for notational convenience. It is easy to check that (3.17) are solutions for (3.4) for all
σ and η. These equations represent the action of T-duality on the vielbein components
with flat bosonic indices. As one probably expects, using these expressions for the dual
vielbein one can immediately get equation (3.10):
δκE˜(σ,η)
a = δκZ
Mˆ
{
− σBMˆ9
E9
a
G99
+ EMˆ
a − GMˆ9
G99
E9
a + σ
BMˆ9
G99
E9
a
}
= δκZ
Mˆ
{
EMˆ
a − GMˆ9
G99
E9
a
}
= 0 (3.18)
upon using (3.7) for the last equal sign. At this point we seem to have four possible
choices of vielbein with flat bosonic indices, two for each choice of η. This is twice as
many as in [4],[8],[9], where similar expressions have been considered.
This is as much as we can get by considering only the Siegel transformations and
covariance. By requiring that T-duality is an involution we will obtain additional useful
informations. It is easy to check that equation (3.17) satisfy the involution requirement
for all values of σ and η. However, we will be able to single out a unique vielbein for each
choice of η by studying the transformations of the κ parameters. In [9] it has been argued
that both solutions are necessary for the consistency of the theory. As we will see below,
the two solutions correspond to IIB theories with opposite chiralities.
The first step is to notice that (3.16) can be cast in a more useful form using the
following identity:
∂κZ˜
M E˜(σ,η)M
aΓa = −∂κZ˜M E˜(−σ,η)MaE/9ΓaE/9 . (3.19)
Here we have introduced the notation
(E/9)α
β ≡ E9
a
√
G99
(Γa)α
β , (3.20)
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which plays the role of Γ9 in the flat case above. Thus, with the redefinition
κ2αj −→ κ˜2αj = −κ2βj E/9βα , κ1αj −→ κ˜1αj = −κ1βj E/9βα (3.21)
for σ = +1 and σ = −1 respectively, equation (3.16) can be written as follows:
δκE˜
Iα= ∂iZ˜
N E˜(+,η)N
a
{
P+
ijκj
1ζ(Γa)ζ
βE1β
Mˆ + P−ij κ˜j2ζ(Γa)ζσ(E/9)σ
βE2β
Mˆ
}
P˜Mˆ
Iα
= ∂iZ˜
N E˜(−,η)N
a
{
P+
ijκ˜j
1ζ(Γa)ζ
σ(E/9)σ
βE1β
Mˆ + P−ijκj2ζ(Γa)ζβE2βMˆ
}
P˜Mˆ
Iα (3.22)
where we have absorbed the chiral projectors by letting them act on κ. Notice that the
redefinition of κ
1(2)
j is the direct curved space analog of the flat space case. Notice also
that equation (3.21) can be written in a more compact form:
κ˜(η)j
Iα = −κ(η)j JβT(η)JβIα (3.23)
with T(η)JβIα defined as follows:.
T(+)BA =
{
δB
A for A,B ∈{a, 1α}
(E/9)β
α for A,B = 2α
; T(−)BA =
{
δB
A for A,B ∈ {a, 2α}
(E/9)β
α for A,B = 1α
(3.24)
A priori there is no principle allowing us to fix EIβ
Mˆ P˜Mˆ
Jα in terms of the fields of the
IIA theory. The strategy for solving this problem will be the following: we parametrize
the arbitrariness of the dual vielbein via their projection on the original ones and see
how much of it can be accounted for by field redefinitions that do not change the form of
the Lagrangian. As stressed previously, we require that the resulting Siegel variations are
covariant and that T-duality is an involution up to relabeling of vielbein and κ parameters.
The remaining pieces could be interpreted as the analog of Buscher rules for the vielbein
with flat spinor indices.
Let us consider next the parameters of the Siegel transformations. For E˜a = E˜(+,η)
a we
impose that ˜˜κ2 = κ2 and we get η = 1. For the other choice of dual vielbein, E˜a = E˜(−,η)a,
we impose that ˜˜κ1 = κ1 and we get η = −1. These can be summarized in the following
equation:
ση = 1 ⇔ σ = η (3.25)
Thus, as promised, we are left with a unique vielbein with flat bosonic indices for each
choice of η.
Now we analyze the vielbein with flat spinor indices and show that the two values
of η correspond to the two IIB theories with opposite chiralities, just as in the case of
flat space. For notational convenience we will replace the pair (σ, η) by η. Since E˜9
a is
independent of η, it will not carry such an index. Let us also associate, in the obvious
way, an index η to the vielbein with flat spinor indices.
Following the strategy explained above, let us parametrize the dual vielbein via their
projection on the original vielbein as follows:
EIα
Mˆ P˜ (η)Mˆ
Jβ = M(η)IαJβ
9
Ea
Mˆ P˜ (η)Mˆ
Jβ = A(η)aJβ − ηab
E9
b
G99
E9
IαM(η)IαJβ with E9aA(η)aIβ = 0
E˜(η)9
Iα = a(η)
Iα(E) (3.26)
where MIJ , A and a are for the time being arbitrary functions of the IIA fields. The
chirality of the original vielbein implies that (Γ+)α
βM1βJγ = 0 and (Γ−)αβM2βJγ = 0.
Equations (3.26) completely describe E˜(η)M
Iα as can be seen from the following counting
of degrees of freedom: for a given η, M(η) with its chirality constraints accounts for
2 × 2 × 1
2
× 32 × 32 independent components while A and a account for 9 × 2 × 32
and 2 × 32, respectively. We have therefore the number of independent components of
E˜(η)M
Iα. On the other hand, the duality transformation does not change the number of
independent degrees of freedom. The chirality constraints onM require that its rank is at
most 32 which is also the number of degrees of freedom in the original theory. Therefore,
we expect that all field redefinitions will involve only non-degenerate matrices.
We can easily invert the equations (3.26) and express P˜ (η)Mˆ
Iα in terms of IIA fields
and the arbitrary objectsM and A. Introducing the notation PMˆ IA = EMˆ IA− GMˆ9G99 E9IA,
the solution reads:
P˜ (η)Mˆ
Iα = PMˆ
JβM(η)JβIα + PMˆ bA(η)bIα
E˜(η)9
Iα = a(η)
Iα(E) (3.27)
where we have also used that E9
aAaIβ = 0. This is the most general solution since
equations (3.26) form a linear system with as many equations as unknowns. At this point
it seems natural to introduce also the object P˜ (η)Mˆ
a = E˜(η)Mˆ
a − G˜Mˆ9
G˜99
E˜(η)9
a and notice
that it is equal to PMˆ
a upon using the explicit form (3.17) of vielbein with flat bosonic
index. All these can be summarized in the following equation:
( P˜ (η)Mˆ
a P˜ (η)Mˆ
Iα ) = (PMˆ
b PMˆ
Jβ )
(
δb
a A(η)bIα
0 M(η)JβIα
)
(3.28)
In the following we will enforce the chirality constraints onM by expressing it as appro-
priate projectors acting on nondegenerate matrices.
Acting on equation (3.28) from the right with matrices of the type
(
1l C
0 1l
)
we notice
that the value of A can be changed arbitrarily. At the same time, such transformations
are nondegenerate for any C and leave the Lagrangian invariant. They are, therefore,
perfectly valid field redefinitions. Using them we will set A = 0 in the following. Notice
that in this procedure we did not use the extra constraints coming from Siegel symmetry.
By requiring that equation(3.22) is covariant we see that the matrices M must be of
the form:
M(η)IαJβ = T(η)IαKγδKL(Γ−η)γρN(η)LρJβ (3.29)
where N are arbitrary, covariant, nondegenerate objects, T was defined in equation (3.24)
and Γ−η is defined to be Γ± for η = ∓. We have also explicitely taken into account the
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chirality constraints by inserting the appropriate projectors. We could of course ask
ourselves whether there really exists a nontrivial N constructed out of covariant objects
in the theory which also has the right dimensions. As we will see below, there is no
need to construct the most general such object since by knowing that it is nondegenerate
we can absorb it by redefining E˜M
Iα. This will completely fix the Siegel symmetry
transformations. In the following we will construct the inverse of the matrix N .
Requiring that T-duality is an involution provides additional informations regarding
M(η) and a(η). Following the same steps as before but this time using (3.22) for the Siegel
transformations, we get the following equation:
T(η˜)IαKγT(η)KγPǫM(η)PǫLρM˜(η,η˜)LρJβ = (δ|η−η˜|,|I−J |)IJ [(Γ−)αβδJ1 + (Γ+)αβδJ2] (3.30)
where M˜(η,η˜)IαJβ = E˜(η)IαMˆ(E(η˜)Mˆ Jβ −
G
Mˆ9
G99
E(η˜)9
Jβ), E(η˜)M
Iβ = EM
Iβ if η˜ = η and
E(η˜)M
Iβ for η˜ = −η will be constructed shortly. One might wonder why we are repeating
all the computation and do not formally dualize equation (3.28). The point is that there
is additional information, related to covariance requirement, that has to be taken into
account.
We claim that it is enough to consider, say, η˜ = η. In order to prove this claim we
notice that (T(η))2 = 1l ⊗ 1l and T(η)T(−η) = 1l ⊗ E/9. We can therefore construct a map
between η˜ = −η and η˜ = η theories:
M˜(η,η)J1 = M˜(η,−η)J2E/9 , M˜(η,η)J2 = M˜(η,−η)J1E/9 . (3.31)
This immediately translates into a map between the vielbein associated with the η˜ = ±η:
E(η˜=−η)M
Iα = E(η˜=η)M
Jβ|ǫJI |(E/9)βα (3.32)
Of course, this should be combined with a change in sign of theX9 coordinate. At the level
of Siegel transformations this translates into the statement that δκE(η˜=−η)Iα ∼ |ǫIJ |κJα.
Since it seems natural for the index on E to match the index on κ, we relabel the vielbein to
absorb the ǫ symbol. The relabeled vielbein have the chirality opposite to those obtained
by choosing η˜ = η. We therefore conclude that the two IIA theories are mapped into each
other by multiplying with E/9 the vielbein with flat spinor indices and relabeling the result
together with performing a parity transformation along the ninth coordinate. The last
statement is subject to interpretation since the two IIA theories are actually identical.
From this point of view, the map described above is just an automorphism of the IIA
theory.
In the following we will concentrate on the choice η˜ = η. Combining equation (3.30)
with equation (3.29) we see that, sinceN IJ is covariant, we need M˜(η)IJ to be proportional
to T˜(η). Thus, we are lead to rewrite M˜ as follows:
M˜(η,η)IJ = N˜ (η,η)IKΓ−ηT(η)KJ
where N˜ are, for now, arbitrary matrices and we have taken care of chirality constraints.
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Using this expression for M˜, the equation (3.30) can be written as:
Γ−ηN(η)N˜(η,η)Γ−η = 1l⊗ Γ−η (3.33)
This shows that N˜ (η,η)IJ is the inverse of N(η)IJ in the Γ−η sector and therefore enables us
to redefine the vielbein and completely absorb the arbitrariness in N IJ . With the vielbein
redefinitions
E˜(η)M
Iα −→ E˜ ′(η)MIα = E˜(η)MJβN˜ (η,η)JβIα (3.34)
we therefore get the following dual fields:
P˜ (η)
Iα = P JβT(η)JβIγ(Γ−η)γα (3.35)
or, explicitly,
E˜(η)Mˆ
Iα = (EMˆ
Jβ − GMˆ9
G99
E9
Jβ)T(η)JβIγ(Γ−η)γα + ηBMˆ9E˜(η)9Iα (3.36)
Thus, we see that all arbitrariness ofM and A can be removed by suitable field redefini-
tions. The left over piece in equation (3.35) (T(η)JβIγ) is needed to restore the covariance
of the dual Siegel transformations. E˜(η)9
Iα is left arbitrary by the above analysis, but it
will be fixed shortly from other considerations. Its chirality is, however, fixed by equation
(3.35). Of course, the chiral projector can be absorbed by pushing it past T and letting
it act on P Iα. The Siegel transformations in the dual theory take the following form:
δκE˜(η)
Iα = ∂iZ˜
M E˜(η)M
aPI ij κ˜(η)j Iβ(ΓaΓ−η)βα I =
{
+ if I = 1
− if I = 2 (3.37)
From equation (3.35) we also see that both types of vielbein in the dual theory have the
same chirality. Let us note that by redefining E˜α,α¯ ←→ E˜1α ∓ iE˜2α one recovers3 the
Siegel symmetry transformations of type IIB superstring theory as stated in [13].
All possible choices of bosonic vielbein can be summarized in the following diagram:
IIB
++
--
IIA T
+-
-+
η=+1
η=−1
η=+1
η=−1
Fig. 1. T-dualities of type II string theories.
3In reference [13] the factor of i in the above redefinition is absorbed in the spinor metric
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The + and − signs in the figure represent the chiralities of the two space-time super-
charges, in the order (Q1, Q2).
In order to fully determine the Buscher rules at the level of supervielbein we must
now analyze the situation of E˜(η)9
Iα. Since the Siegel transformations depend only on
P˜ (η)Mˆ
Iα they cannot fix the functional form of aIα(η)(E). On the other hand a
Iα
(η) must have
the same chirality as P˜ (η)Mˆ
Iα since the latter contains E˜(η)9
Iα in its definition. Also, for
η˜ = η, the involution requirement implies the following:
E˜I(η˜)9
α = a˜(η˜)
Iα(E) = a(η)
Iα(E˜Mˆ
B, E˜9
b, E˜9
Jβ) = a(η)
Iα(E˜Mˆ
A, E˜9
a, a(η)
Jβ(E)) (3.38)
This equation has many independent solutions. At the same time, the superspace dif-
feomorphism covariance implies that aα depends only on E9
A since the parameters do
not depend on the ninth bosonic coordinate and E˜9
A should transform as the ninth com-
ponent of a covariant vector. The index structure and chirality requirements for E˜9
Iα
suggest that
E˜(η)9
Iα =
E9
Jβ
f(η)J (G99)
T(η)JβIα . (3.39)
From equation (3.38) we see that the function f(η)J has to be a monomial, but its exact
expression is arbitrary. To completely fix the form of f(η)J we study in detail the super-
gravity constraints. We will require that the IIB supergravity constraints are satisfied if
the IIA constraints are. As pointed out before, this is not an outside constraint, since
the Siegel symmetry, having the right form, already produces the right conventional con-
straints as well as the other lower dimensional constraints, while the Bianchi identities
are responsible for the rest.
4 Matching the supergravity constraints
In this section we will study the change in supergravity constraints under T-duality. We
will first fix the arbitrariness in the functions f(η)I (G99) by comparing the constraints
computed with our dual fields (equations (3.5), (3.35) and (3.39)) with those given in
[14]. Then we compute the torsion constraints. As a nice consistency check we will notice
that the dimension 0 constraints are satisfied if the IIA constraints are satisfied. From
one of the consequences of Siegel symmetry we infer the dual spin connections. Then, the
dimension 1/2 constraints will produce for us the duality transformation of the dilaton
and its superpartner. The constraints of dimension 1 will generate the transformations of
RR fields.
It turns out that the easiest way to fix f(η)I (G99) is to study the dual NS-NS field
strength. We will keep η arbitrary for the time being. Later on we will fix it to η = 1. To
flatten the indices we need the inverse of the dual vielbein. It is given by:
E˜a
Mˆ =Ea
Mˆ − E9aE9αI EαIMˆs(η)I
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E˜a
9=E9a
(
1 + s(η)I E9
αI EαI
MˆBMˆ9
)
− EaMˆBMˆ9 (4.1)
E˜αI
Mˆ =TαIβJEβJMˆ ; E˜αI9 = −TαIβJEβJ Mˆ BMˆ9
Here summation over the index I is assumed and s(η)I =
1
f(η)I(G99)
− 1
G99
. Using this and
equation (A.6) we get the following for the dual 3-form field strength:
F˜ABC = FA′B′C′TAA′TBB′TCC′ − (ABC)− (−)A(B+C)(BCA)− (−)C(A+B)(CAB) (4.2)
with (ABC) given by
(ABC) = E9aδ
a
C
{ 1
G99
E9
dFdA′B′TAA′TBB′ + 1
f(η)I (G99)
E9
αIFαIA′B′TAA′TBB′ (4.3)
+
η
G99
TA′B′
aE9aTAA′TBB′ + η
G99
E9
D
TDB′dδ
d
ATBB
′ − η
G99
E9
D
TDA′dδ
d
BTAA
′
}
.
with TAB
C = TAB
C + EA
NΩNB
C − (−)ABEBNΩNAC .
The 3-form field strength constraints summarized in the Appendix set to zero the
components F˜Iα JβKγ in both IIA and IIB theories. It is easy to check that this is trivially
satisfied, since E9aδ
a
A = 0 if A is not a bosonic index.
By considering the constraints on F˜Iα Jβ c we do not get any information about the
form of f(η)I , but we have a nontrivial consistency check for the results obtained from
Siegel symmetry arguments.
In both IIA and IIB supergravity one requires that the field strength components with
two bosonic and one fermionic indices vanishes. Imposing this on equations (4.2) and (4.3)
amounts to canceling E˜(η)9
KρFKρ Iγ a against
η
G99
E9
KρTKρ Iγ a. Using the IIA constraints
we find that the functions f(η)I are given by
f(η)1 = −η G99 f(η)2 = η G99 , (4.4)
which together with equation (3.36) recovers the results stated in equation (1.1-1.2). This
and the Siegel symmetry imply that all the constraints of IIB supergravity are satisfied.
We are therefore free to use them to derive the T-duality action on fields that do not
appear explicitly in the sigma model action.
Now we turn to studying the torsion constraints. Since the formulas are cumbersome
enough, we will set η = 1. The η = −1 case can be recovered by interchanging the labels
1 and 2. We will also write sI for s(1)I . For notational convenience we extend the index
of f to a full superspace index and define fa = G99. Likewise, the index of s is extended
to a full superspace index and sa = 0. First we write down the dual torsion in terms
of the IIA variables. The dimension 0 components will provide additional consistency
checks to our previous results, the dimension 1/2 components will determine the dual
spin 1/2 fields as well the dimension 1/2 dual spin connection, while the dimension 1
components will generate the rest of the dual spin connection components as well as the
duality transformation of the RR fields.
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Using the definitions and the constraints listed in the appendix we find the following
for the dual torsion:
T˜AB
C = TA′B′
C′TAA′TBB′TC′C −
{ 1
2fC
E9
DFDA′B′E9
CTAA′TBB′TCC′
− sI
fC
E9dδ
d
AE9
IαE9
DFDIαB′E9
C′TBB′TC′C
+
1
G99
E9
D
TDB′dδ
d
AE9
C′TBB′TC′C
+
1
2G99
TA′B′
aE9aE9
C′TAA′TBB′TC′C
+ sC E9
D
TDA′
C′(E9)dδ
d
BTAA
′TC′C
− sI
G99
E9dδ
d
AE9
Iα
TIαB′
bE9bE9
C′TBB′TC′C
− sI
G99
E9
IαE9
D
TDIαdδ
d
AE9dδ
d
BE9
C′TC′C
+ ∂A′(
1
fC
TC′C − 1
G99
)E9dδ
d
BE9
C′TAA′
+ sI E9dδ
d
AE9
Iα
TIαB′
C′TBB′TC′C
+
1√
G99
E9
D
TDA′
aδB′
2α(ΓaΓ+)α
βδ2β
CTAA′TBB′
− 1
G99
E9
D
TDA′
a(E9)aδB
2αδ2α
CTAA′
− 1√
G99
1
f2α
E9
D
TDA′
aE9
2α(ΓaΓ+)α
βδ2β
CE9dδ
d
BTAA
′
+
1
G99
1
f2α
E9
D
TDA′
aE9aE9dδ
d
BE9
2αE/α
βδ2β
CTAA′
− sI√
G99
E9
γIE9
D
TDγI
aδB′
2α(ΓaΓ+)α
βδ2β
CE9dδ
d
ATBB
′
+
sI
G99
E9
γIE9
D
TDγI
aE9aE9dδ
d
AδB
2αδ2α
C
}
+ (−)AB(BA) (4.5)
As usual, the spin connection with fermionic indices (which appear in T˜ and T) is related
to the one with bosonic Lorentz indices by
ΩAα
β =
1
8
ΩA,a
b(σab)α
β (4.6)
where, as stated in the Appendix, σab contains no factor of 1/2.
As promised earlier, equation (4.5) will provide the T-duality transformations of the
remaining (super)fields as well as more consistency checks. Starting with torsion compo-
nents of dimension 0 and writing the result in 16-component notation, we find that
T˜ 1α 2β
a
= 0 ; T˜ 1α 1β
a
= i(σa)αβ ; T˜ 2α 2β
a
= i(σa)αβ . (4.7)
These are indeed the correct constraints of IIB supergravity as shown in [14] and summa-
rized in the Appendix.
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We proceed by finding the relation between the spin connections in the type II theories.
They arise from constraints of dimension 1/2 and 1. The fact that the Siegel symmetry
has the correct form implies that T˜ ab
c = 0 and T˜ Iαb
c = 0. Using this information in
equation (4.5) we find that
Ω˜1αb
a = Ω1αb
a+is1E9
1β
(
(ΓaΓ+C
−1)βαE9b−(ΓbΓ+C−1)βαE9a
)
Ω˜2αb
a = E/α
βΩ2βb
a (4.8)
and
Ω˜[ab]
c = Ω[ab]
c − 1
G99
E9
dΩ[db]aE9
c +
1
G99
E9
dΩ[da]bE9
c − 1
G99
Ω[ab]dE9
dE9
c (4.9)
− 1
G99
E9
dFdabE9
c − 2
G99
E9
IαΩIαbaE9
c +
2
G99
E9
1αE9[a|Ω1α|b]
c . (4.10)
From the last equation follows Ωab
c as
Ωab
c =
1
2
(Ω[ab]
c + Ω[ca]
b − Ω[bc]a) . (4.11)
Knowing the spin connections it is now easy to proceed and find the dual spin 1/2
fields. They come from constraints of dimension 1/2. From T˜ 1α1β
γ1 and T˜ 2α2β
γ2 follows
that Λ˜Iα are given by:
2Λ˜1α = Λ1α − ∂1α ln(G99)−1/2 = Λ1α + i(G99)−1/2E9γ1(E/C−1)γα
2Λ˜2α = E/α
β˙(Λ2β − ∂2β ln(G99)−1/2) = (E/Λ2)α − i(G99)−1/2E9γ2(C−1)αγ˙ (4.12)
Since Λ˜α = E˜α
M∂M φ˜ it follows that the dual dilaton is given by
2φ˜ = φ− ln(G99)−1/2 . (4.13)
This leads us to interpret 2φ˜ of reference [14] as the type IIB dilaton and thus get the
standard dilaton shift under T-duality, as shown in [1]. Opposite to that paper and as
noted in [10], in this treatment the dilaton shift appears at the classical level. This can
be intuitively understood from the fact that supergravity is already a one loop effect from
the sigma model point of view.
The constraints of dimension 1, besides determining the transformation rules of RR
fields, provide some more consistency checks. In particular, it can be shown that, upon
using (4.5) together with
F˜ abc =
1
G99
[
− E9dFdab(E9)c − Ωabd(E9)d(E9)c
−(E9)DΩDba(E9)c + (E9)DΩDab(E9)c
]
[abc]
(4.14)
and equation (4.11), imply that the following equations are satisfied:
T˜ a1α
1β = − 1
16
(ΓbcΓ−)αβF˜ abc T˜ a2α2β =
1
16
(ΓbcΓ−)αβF˜ abc . (4.15)
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These are nothing but equations (A.22) from the list of IIB constraints in the Appendix.
The RR (super)field transformations follow from the T˜ a1α
2β and T˜ a2α
1β components
of equation (4.5). They are given by:
-the axion
−i∇b(W − W¯ ) = 1
2
E9
cFcb − 1
4
e
φE9
dΛ1α(CΓdbΓ+)
αβΛ2β +
7
4
e
2φ˜Λ˜1α(CΓbΓ−)αβΛ˜2β
+ eφ
E9b
2G99
E9
1α(Γ−C
−1)αβE9
2β − eφ E9
d
4G99
E9
1α(Γ−ΓdbC
−1)αβE9
2β (4.16)
-the RR 3-form field strength
−i(Gbcd − G¯bcd)− i(W − W¯ )F˜ bcd = 1
4
E9[bFcd] − E9aF ′abcd
− e
φ
8 G99
E9[bE9
1α(Γ−Γcd]C
−1)αβE9
2β
+
e
φ
2 4! G99
E9
aE9
1α(Γ−ΓabcdC−1)αβE92β
− 1
8
e
φE9[bΛ1α(CΓcd]Γ+)
αβΛ2β
− 1
2 4!
e
φE9
aΛ1α(CΓabcdΓ+)
αβΛ2β
+
1
3
e
2φ˜Λ˜1α(CΓbcdΓ−)αβΛ˜2β (4.17)
which together with equation (4.14) fixes the imaginary part of Gabc, i.e. the RR 3-form
field strength.
-the RR 5-form field strength
F˜ abcde =
−1
2 4!
[
E9[aF
′
bcde] +
1
5!
ǫabcde
fghijE9[fF
′
ghij]
]
− e
2φ˜
8 5!
Λ˜1α(CΓabcdeΓ−)αβΛ˜2β (4.18)
+
e
φ
4 (4!)2 G99
[
E9[aE9
1α(Γ−Γbcde]C
−1)αβE92β +
1
5!
ǫabcde
ijklmE9[iE9
1α(Γ−Γjklm]C
−1)αβE92β
]
+
e
φ
4 (4!)2
[
E9[aΛ1α(CΓbcde]Γ+)
αβΛ2β +
1
5!
ǫabcde
ijklmE9[iΛ1α(CΓjklm]Γ+)
αβΛ2β
]
This equation provides another consistency check. By simple inspection one can easily
check that F˜ abcde is self-dual, as it should be.
5 Conclusions
This completes the construction of the T-duality action on the massless superfields of
type II superstring theory, to all orders in the odd superspace coordinates. The results
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are summarized in equations (1.1-1.2) for the supervielbein and super 2-form, in equa-
tion (4.12) for spin 1/2 fermions and in equations (4.16), (4.17) and (4.19) for the RR
superfields.
It is easy to see that the dual gravitini obtained here agree with those derived in [8]. We
have also constructed the T-duality transformations of the RR field strengths by studying
the constraints of the type II supergravity theories. Another way of rederiving them would
be to expand the supervielbein and super 2-form in the odd superspace coordinates. The in
principle, results should agree with those obtained in [10], since the duality transformation
commutes with the series expansion. However, possible discrepancies can be associated
to differences in the space-time interpretation of the fields.
The approach taken in this paper has the advantage of producing the action of T-
duality on all the space-time fermions without explicit reference to space-time supersym-
metry transformation rules and, at the same time, providing a compact form of all dual
space-time fields.
An interesting exercise would be to relax the constraint that all fields in the original
theory are independent ofX9 by replacing it with isometries characterized by some Killing
vectors kM . Such an approach should confirm once again the SO(d, d;Z) [17] structure
of T-duality for IIA/B theory on a manifold with d Killing vectors and should allow the
construction of these transformations to all orders in the odd superspace variables.
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Appendix
In this appendix we list the conventions we are using as well as the IIA and (appropriately
redefined) IIB supergravity constraints.
We use both 16 and 32-component notation. Γ matrices are defined in terms of two sets
of generalized Pauli matrices (σa)α
β˙ and (σ¯a)α˙
β that have the following anticommutation
relations:
σ(a, σ¯b) = −2ηab (A.1)
with the “mostly plus” metric. The 16-dimensional indices are raised and lowered with
the charge conjugation matrix Cαβ˙ and its inverse Cαβ˙ :
(σa)αβ = (σa)α
β˙Cββ˙ (σ¯a)α˙β˙ = (σ¯a)α˙βCββ˙ Cαβ˙Cαγ˙ = δβ˙γ˙ (A.2)
The antisymmetric product of n σ matrices, σ(n) used here, and in general the antisym-
metric product of n objects, without a factor of 1
n!
, e.g.
(σab)α
β = −(σa)αβ˙(σ¯b)β˙β + (σb)αβ˙(σ¯a)β˙β (A.3)
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(σa)αβ, (σ(5))αβ are symmetric in spinor indices while (σ(3))αβ is antisymmetric. The
barred version of the matrices have the same symmetry properties as the unbarred ones
and carry dotted indices. We will occasionally drop the bars in situations where there is
no possibility of confusion.
Γ matrices are constructed as
Γα
β =
(
0 iσ¯α˙
β
iσα
β˙ 0
)
(A.4)
and satisfy the usual anticommutation relations {Γa, Γb} = 2ηab.
In 32-component notation one can choose from two possible charge conjugation ma-
trices, C+ and C−, which differ by a factor of Γ11. We choose to work with C ≡ C+, and
the associated identities are:
CT = −C ΓTa = −CΓaC−1 C† = C−1 (A.5)
One can go back and forth between 16 and 32-component notations by inserting the
appropriate chiral projectors as well as charge conjugation matrices.
The general expression for torsion and 2-form field strength are :
TAB
C = (−)BNEANEBM(∂MENC − (−)MN∂NEMC)−EANΩNBC + (−)ABEBNΩNAC
FABC = −(−)C(M+N)+BMEAMEBNECK(∂KBMN
+(−)K(M+N)∂MBNK + (−)N(K+M)∂NBKM) (A.6)
With these conventions, the IIA constraints are [14]:
T1α1β
a = i(σa)αβ T2α2β
a = i(σa)α˙β˙ T1α2β
a = 0 (A.7)
Fa1α1β = −i(σa)αβ Fa2α2β = i(σa)α˙β˙ Fa1α2β = 0 (A.8)
Fab Iγ = 0 TIαb
c = 0 (A.9)
T1α1β
γ1 =
[
δ(α
γδβ)
δ + (σa)αβ(σa)
γδ
]
Λδ1 (A.10)
T2α2β
γ2 =
[
δ(α˙
γ˙δβ˙)
δ˙ + (σa)α˙β˙(σa)
γ˙δ˙
]
Λδ2 (A.11)
T1α1β
γ2 = T1α2β
γ1 = T1α2β
γ2 = T2α2β
γ1 = 0 (A.12)
Ta1β
1α = − 1
16
(σbc)β
αFabc Ta2β
2α =
1
16
(σbc)β˙
α˙Fabc (A.13)
Ta1α
2β = − i
16
(σa)αγ
[
1
2
(σbc)β˙γBbc − 1
12
1
4!
(σbcde)β˙γDbcde
]
(A.14)
Ta2α
1β =
i
16
(σa)α˙γ˙
[
1
2
(σbc)γ˙βBbc − 1
12
1
4!
(σbcde)γ˙βDbcde
]
(A.15)
Bbc = e
−φFbc − 1
2
Λ1β(σbc)
α˙βΛ2α (A.16)
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Dbcde = 2e
−φF ′bcde +
1
4!
Λ1β(σbcde)
α˙βΛ2α (A.17)
The IIB constraints are also listed in [14], together with the appropriate field redefi-
nitions which transform them to string frame. Redefining the upper indices as 1α = α+α¯√
2
,
2α = −iα−α¯√
2
and the lower indices as 1α = α+α¯√
2
, 2α = iα−α¯√
2
they are4:
T1α1β
a = i(σa)αβ T2α2β
a = i(σa)αβ T1α2β
a = 0 (A.18)
Fa1α1β = −i(σa)αβ Fa2α2β = i(σa)αβ Fa1α2β = 0 (A.19)
Fab Iγ = 0 TIαb
c = 0 (A.20)
TIαβJ
γK = 2
[
δ(α
γδβ)
δ + (σa)αβ(σa)
γδ
]
ΛδI δI,JδI,K (A.21)
Ta1β
1α = − 1
16
(σbc)β
αFabc Ta2β
2α =
1
16
(σbc)β
αFabc (A.22)
Ta2α
1β = − i
4
(σaσ
b)α
β
[
e
−2φ∇b(W − W¯ ) + 7
4
Λγ2(σb)
γδΛδ1
]
(A.23)
− 1
4! 48
(σbcde)α
β
[
5
3
e
−2φFabcde +
i
5! 8
Λγ2(σa
bcde)γδΛδ1
]
+
i
4! 6
(σaσ
bcd)α
β
[
e
−2φ (G¯bcd −Gbcd − (W − W¯ )Fbcd)+ 1
3
Λγ2(σbcd)
γδΛδ1
]
Ta1α
2β =
i
4
(σaσ
b)α
β
[
e
−2φ∇b(W − W¯ ) + 7
4
Λγ2(σb)
γδΛδ1
]
(A.24)
+
1
4! 48
(σbcde)α
β
[
5
3
e
−2φFabcde +
i
5! 8
Λγ2(σa
bcde)γδΛδ1
]
+
i
4! 6
(σaσ
bcd)α
β
[
e
−2φ (G¯bcd −Gbcd − (W − W¯ )Fbcd)+ 1
3
Λγ2(σbcd)
γδΛδ1
]
For both IIA and IIB theories, higher dimensional constraints can be constructed by
using the lower dimensional ones together with the Bianchi identities [14], [18].
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